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Abstract. MacMahon's definition of self-inverse composition is extended to ^-colour 
self-inverse composition. This introduces four new sequences which satisfy the same 
recurrence relation with different initial conditions like the famous Fibonacci and Lucas 
sequences. For these new sequences explicit formulas, recurrence relations, generating 
functions and a summation formula are obtained. Two new binomial identities with 
combinatorial meaning are also given. 
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1. Introduction 

In the classical theory of partitions, compositions were first defined by MacMahon 
l6l as ordered partitions. For example, there are 5 partitions and 8 compositions of 
4. The partitions are 4,31,22,21 2 , l 4 and the compositions are 4,31, 13,22, 21 2 , 121, 
1 2 2,1 4 . 

Agarwal and Andrews 1 4 1 defined an n-colour partition as a partition in which a part of 
size n can come in n different colours. We use a subscript to index the colour and write 
«i,«2, ■ ■ ■ ,n„ for the parts of size n. Analogous to MacMahon's ordinary compositions 
Agarwal 1 2 1 defined an n-colour composition as an n-colour ordered partition. Thus, for 
example, there are 8 n-colour compositions of 3, viz., 

3i, 32, 33, 

2th, 2 2 1 1 , li2i, 1 12 2 , 
lilili. 

More properties of n-colour compositions were found in 1 3 1. 
DEFINITION 1. |6| 

A composition is said to be self-inverse when the parts of the composition read from left 
to right are identical with when read from right to left. 

Analogous to the above definition of classical self-inverse compositions we define an 
n-colour self-inverse composition as follows: 
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DEFINITION 2. 

An n-colour composition whose parts read from left to right are identical with when read 
from right to left is called an n-colour self-inverse composition. Thus, for example, there 
are 1 1 n-colour self-inverse compositions of 5 viz., 

5i, 52, 53, 54,55, 

1 1 3 1 1 1 , 1 1 32 1 1 , 1 1 33 1 1 , 

2ili2i,2 2 li2 2 , 

lllillljll. 

DEFINITION 3. 

The Lucas sequence {L„}" =0 is defined as Lq = 2, L\ = 1 and L„ = L„_i +L„_2 when 
n>2. 

DEFINITION 4. 

A point whose co-ordinates are integers is called a lattice point (unless otherwise stated, 
we take these integers to be non-negative). 

DEFINITION 5. 

By a lattice path (or simply a path), we mean a minimal path via lattice points taking unit 
horizontal and unit vertical steps. 

DEFINITION 6. 

The Fibonacci sequence {F„}" =Q is defined as Fq = Q,Fi = 1 and F n = F n _ \ +F„_2 when 
n > 2. 

Agarwal 1 2 1 proved the following theorem. 

Theorem 1. Let C(m,q) and C(q) denote the enumerative generating functions for 
C(m, v) and C(v), respectively, where C{m, v) is the number of n-colour compositions of 
V into m parts and C(v) is the number of n-colour compositions ofv. Then 

q' n 

C(m,q)= (1 _ g)2m , (1-D 

C{q)= : * ~ v (1.2) 
1 -3q + q z 

( V+m—l \ 

C(»,v)=( 2m _ x ), (1-3) 
C(v)=F 2v . (1.4) 



2. Explicit formulas 

In this section we shall prove the following explicit formulas for n-colour self-inverse 
compositions. 
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Theorem 2.1 . Let A(m,v) be the number ofn-colour self-inverse compositions of V into 
m parts. Then 

(i) A(2m-l,2v-l) = L(2/-l)(^ 2m _ 3 J form>l, (2.1) 

/ v+m-1 \ 

(ii) A(2m,2v)=f i J, (2.2) 

(iii) A(2m-l,2v)= E 2/1 form>l. (2.3) 

it! V 2m -3 7 

Proof of Theorem 2.1. We shall prove (i) and the other parts can be proved similarly, 
(i) Obviously, an odd number can have self-inverse n-colour compositions only when the 
number of parts is odd. A self-inverse n-colour composition of an odd number 2v — 1 into 
2m — 1 (m > 1) parts can be read as a central part, say, 21—1, and two identical n-colour 
compositions of v — / into m — 1 parts on each side of the central part. 

The number of n-colour compositions of v — / into m — 1 parts is ^ VH 2™l' 3 2 ) by ( 1 .3). 
Now, the central part can appear in 21 — 1 ways and takes values from 1 to 2v — 3. So, I 
varies from 1 to v — 1 . 

Therefore, for m > 1, the number of n-colour self-inverse compositions of 2v — 1 into 
2m — 1 parts is 

x v^ 1 , x ( V + m-l-2 \ 

For m — 1, there will be 2v — 1 n-colour self-inverse compositions. Therefore, the total 
number of n-colour self-inverse compositions of 2v — 1 is 



3. Recurrence formulas 

In this section, we shall prove the following: If a„, b n , c„ and d n denote the number of 
n-colour self-inverse compositions of 2n + 1, 2n into an even number of parts, 2n into an 
odd number of parts and 2n (that is, d„ = b„ + c n ) respectively, then the following theorem 
holds. 

Theorem 3.1. The sequences {a„}, {b n }, {c n }, {d n } satisfy the following recurrences. 

(i) ao = l,a\ = 4 anda n = 3a„_\ —a n _2 forn > 2, 

(ii) b\ = 1,Z>2 = 3 andb„ = 3£>„_i — fe n -2 forn > 2, 

(iii) ci = 2,C2 = 6 andc„ = 3c„_i — c„_2 /or n > 2, 

(iv) c/i = 3,c/2 = 9 an<i <i„ = 3<i„_i — <i„_2 /or n > 2 where d„ = b„ + c„. 
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Remark. Theorem 2.1 implies that 

' /v + m-n , v v-l / v + m _/_ 2 \ 

= 2.-1 ) »" d C " = 2V + £ 2 S 2 '( 2.-3 )' 



Proof of Theorem 3.1. (i) We have 



«„h2„ +1 , + ee(2'-i)("^:' 3 - 1 ) 

m— 2/=l V / 



n n—1 



(2n + l)+£ £(2/-l) 



m=2/=] 



n + m — / — 1 



+ t(^-.)("T-3" 1 

m=2 V 



2m — 3 



l=n 



#<->>( "r.r 

= (2« + l)+£ 1(2/ -1) 

m=2/=l 

= 4«+i + £ E^- 1 ) 



m=2l=\ 



m=n+l 

n + m — l—l 

2m -3 

n+m—l—2 



2m -3 



ft /i— l 
-H(2/-l) 

m=2/=l 



« + m — / — 2 
2m -4 



+ (2n-l) + l 



= 4« + l + {a„_ 1 -(2«-l)}+£ £(2/-l) 



n + m — l—l 



n—1 n—1 

= 2n + 2 + a„_ 1 + £ £(2/-l) 

m=2/=l 
n—1 n—1 

= 2« + 2 + a„_i+ £ £(2/-l) 



n—1 n—1 

n/ . n / "" 

m=l/=l 2 "'~ 2 

n + m — l—l 



m=2l=\ 



2m -2 



n+m—l—2 
2m -3 



n-l 

I(2/-l) 

/=i 



^by the binomial identity ^ 



i=i 

n-l 
m—l 



+ 



n-l 
m 
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2n + 2 + a„_i + {a„_i-(2n-l)-l} 

+i|V>>(n:: , 2 - 2 ) +<»-» 2 

2 + 2a„_ 1 + (n- l) 2 

^ll>-..{(" + 2 ::r)-("rr)} 

2 + 2 fl „_ 1 + („-l) 2 +£ £(2/-l)' " "" ' 

m=2/=l 



2m -2 

lI(-,(»-:r)-El« 2 -.(-:r) 



2 + 2fl„_ 1 + (n-l) 2 +^ £ £(2/-l) 

m=2 1=1 



n ^ ln ^,_, ^fn + m-l-2 
2m -2 



||>'-o(" + ™: , 3 - 2 )}-K- 2 -( 2n -3)} 



m=2/=l 

2a fl _! - «„_ 2 + (« - l) 2 + {In 1) + £ "f (2/ - 1) ( " ' 2 

m=2/=l \ 

"~ 1 "~ 2 7 n + m-l-2 \ "^"v^, , J n + m-l-3 



m=2/=l V / m=2/=l 

2a„_i -a„_2+ (n - 1) 2 + (2n - 1) 



2m -4 



[m=2 /=1 

("_ 2 »_ 2 / B + Jn _ Z _ 2 \ «_2 

IK 2 '- 1 ) 2m-2 J+I 

\m=2l=\ V Z '" Z / 1=1 



n + m-l-2 \ n ^ 2 ^, / 2n-/-3 

H 2n-4 



EE(»-»f" + r. , ,- 2 VEP'-') / "-'- 1 



i , , . \ 2m — 2 

\m=2l=\ \ / 1=1 



2a„_! - fl„_ 2 + (n - l) 2 + (2n - 1) + {a„_i - (2n - 1) - 1 - (2n - 3)} 
+ l-(n-2) 2 
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= 3a„_ i - fl„_ 2 + (n - 1 f - (2n - 3) - (n - 2) 2 
= 3a„_i — a„-2- 

The other parts can be proved on the same lines. 

Another proof of (i) {Combinatorial). To prove that a„ + a„_2 = 3a„_i, we split the 
n-colour compositions enumerated by a„ + a„_2 into three classes: 

(i) enumerated by a„ and having 1 1 on both extremes, 

(ii) enumerated by a n and having h, on both extremes, h > 1 and 1 < t < h — 1 and n- 
colour self-inverse compositions of 2n + 1 of the form (2n + l) t , 1 < f < 2n — 1. 

(iii) enumerated by a„ and having hf, on both extremes, h > 1, (2n + l)2 n , (2n + l)2«+i 
and those enumerated by a„_2- 

We transform the n-colour compositions in class (i) by deleting 1 1 on both extremes. This 
produces an n-colour composition enumerated by a n -\. Conversely, given any n-colour 
composition enumerated by a„_i we add 1 1 on both extremes to produce the elements of 
the first class. In this way we establish that there are exactly a„_i elements in the first class. 
Next, we transform the n-colour compositions in class (ii) by subtracting 1 from h, that is, 
replacing h t by (h — 1 ) t and subtracting 2 from (2n + 1 ) of (2n 1 < t < In — 1 . This 

transformation also establishes the fact that there are exactly a„_i elements in class (ii). 
Finally, we transform the elements in class (iii) as follows: Subtract 1 1 from h h , h < 2n + 1 , 
that is, replace hf, by (h — We will get those n-colour self-inverse compositions of 

2(n — 1) + 1 whose extremes are n/,, except self-inverse compositions in one part only. 
Also replace (2n + 1)2„ by (2n — l)2n-2 an d (2n + l)2«+i by (2n — l)2«-i, and to get the 
remaining n-colour self-inverse compositions from a„_2 we add 1 to both extremes, that 
is, replace h t by (h + l) r . For n-colour self-inverse compositions into one part we add 2, 
that is, replace (2n — 3) ( by (2n — 1 < t < 2n — 3. We see that the number of n-colour 
compositions in class (iii) is also equal to a n -\. 

So each class has a„_i elements. Hence, a„ +a„-2 = 3a„_i. 



4. Generating functions 

In this section, we will prove the following theorem. 
Theorem 4.1 . 

1 +q 



(i) E a n q n 



„=0 q z -3q+l 



(ii) E b„q" = 



n=l 



q z -3q+l' 



(iii) E °nq n = - 2 Jf^T and 



n=l 



(iv) E d nq n 

n=\ 



q 2 -3q+V 

3q 

q 2 -3q+V 
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Proof of Theorem 4.1. 

oo 00 

(i) =a + aiq+ Y, a nq" 

n=0 n=2 



l+4, ? +£(3a„_i-a„_2k" 



n=2 



l+4^ + 3^fl„ 9 n+1 -^fl^ 

n=l «=0 



,n+2 



n+2 



= 1 + 4q + 3 ^ - 30 - £ 

n=0 n=0 

OO 

n=0 

Ln 1 + 

This completes the proof of (i). The proofs of (ii) and (iii) are similar and hence are 
omitted. By adding (ii) and (iii) we get (iv). 



5. A summation formula 
Theorem 5.1 . For n > 0, 

|(-')" + '( »-/ >« = '< 

where 

». = (« + l)+|| (2, - 1) ( t+ ^-3" 1 )' 

Proof of Theorem 5.1. We will prove the result by induction on n. The result is obviously 
true for n — 0, 1. We assume that the result is true for n, that is, 



Now 
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=EW-{f^)-( 2 ;_ + ;) + („ 2 _r,)h 



Ar=0 



l(-')" +,t *(/;r-\)-- 2 +|; 1 < - i) " +i ( 2 "- + * 



n+l 

, ,„ i /. / -" r i \ „ v .>,.u- / -" ' : i 

i ^ " ' " A I 

^n+l+kf 2n + l \ „ , „ „, , x „/2« + l 



I(-ir +1+ % n+ r_ fe J^-2 + 3-3(-ir v ;j 



£=2 



fc=0 

1. 



Therefore the result is true for n + 1 . 

Hence the result is true for all n € {0,1,2,...}. 

6. New binomial identities with combinatorial interpretations 
Theorem 6.1. For v > 0, 

v+1 v ' v+m-Z-1 



(2v+l)+££(2Z-l)( 

m=2/=l V 



2m -3 



£ 2v + 1 Z' 2v + 1 - m 



(i) 



m=0 2v + l-mV « 
, ^ v f\ / v+m-Z-2 \ * / v + m-l 

Proof of Theorem 6.1. 
(i) Let 

V+l V 

',->/_ n I 1 

2m — 3 



*- v - , / v + m — l— 1 

A v = (2v+1) + £ E^'- 1 ) 

m=2/=l 



and 

2v+l / 2v + l-m 



Bv=E 



m = 2v+l-m 



Clearly, Aq = Bo = 1, A] = B] =4, and we have already proved A v = 3A v _i — A v _2 for 
V >2. 
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Now, for v > 2, we have 

2v + 1 / 2v + 1 - m 



m=0 2v+l-mV 

^ (V 2v + 1 - m \ ( 2v - m 
I M + 



m=0 

by the binomial identity 



m / V »» — 1 

n ( n — m \ ( n—m \ ( n—m—\ 



n—m\ ml \ m I \ m—l 



v 



i I 2v-m \ / 2V-M-1 i I 



m=0 

by the binomial identity 



v-l 



n 
m 



n-l \ ( n-l \ 

+ , and the definition of 



m J \ m — 1 J 



J, f / 2v-l-/n \ /2v-2-m\l 

= 2B V _ X + £ { 
m=o L 



m=0 
2v-2-m 
m — 3 
v 



m=0 

2v - m \ / 2v — m — 1 \ / 2v — 1 — m 
m—l I \ m — 2 I \ m — 2 



= 2fi v -i+ £ 



=o 



2v-m \ / 2v — 1 — m 
m—l / \ m—2 



J, f/ 2v-m-l \ / 2v-2-m \1 



V-l 

= 2B V _!+ £ 

m=0 



2v - m - 1 \ / 2v - m - 2 
m / V m—l 



m=0 



2v-m-3 \ / 2v-m-4 
m / V m—l 



= 2B v _i +B v _i — B V -2 
= 3Z? v -i — 

Hence A v = B v , for all V > as these satisfy the same initial conditions and the same 
recurrence relation. 

(ii) By comparing generating functions for b n and c„ in §4 and considering the remark 
below Theorem 3.1, we get (ii) easily. 

The following theorem provides a combinatorial interpretation of Theorem 6.1. 

Theorem 6.2. 
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(a) For V > 0, let A(v) denote the number of self-inverse n-colour compositions of 2v + 
1. Let B(v) = YX=Q dv.k, where d V k is the number of lattice paths from (0, 0) to (2v + 
1 — k,k) under the following conditions: 

(b) The paths do not have two vertical steps in succession which ensures that they do not 
cross y =x+ 1. 

(c) Both the first and last steps can not be vertical. 
Then A(v) = B(v) for all v. 

(d) The number of n-colour self-inverse compositions of2v equals three times the num- 
ber of n-colour compositions of V. 

P roof of Theorem 6.2. 

(a) In Theorem 3.1 we have proved that A(v) satisfies the following recurrence relation 

A(0) = 1, A(l)=4 and A(v) = 3A(v - 1) -A(v-2), v > 2. 

Agarwal [ 1 1 proved that L2V+1 also satisfy the same initial conditions and recurrence 
relation. This shows that A(v) = L2v+i- He also showed that L2V+1 = L,t=o^v,(b and 
it is known that the right-hand side of (i) of Theorem 6.1 equals Z/jv+i ( see P- 185 of 
0). This leads to the first part of the theorem. 

(b) From Theorem 4.1, we have d v = 3b v . Now (b) follows from the fact that b v also 
equals the number of n-colour compositions of v in view of (1.2) and Theorem 4(ii). 
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